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Quantum isometries and loose embeddings
Alexandru Chirvasitu
Abstract
We show that countable metric spaces always have quantum isometry groups, thus extending
the class of metric spaces known to possess such universal quantum-group actions.
Motivated by this existence problem we define and study the notion of loose embeddability of
a metric space (X, dX) into another, (Y, dY ): the existence of an injective continuous map that
preserves both equalities and inequalities of distances. We show that 0-dimensional compact
metric spaces are “generically” loosely embeddable into the real line, even though not even all
countable metric spaces are.
We also prove that compact Riemannian manifolds (M,d) equipped with their geodesic
distances do not contain a number of distance patterns that rule out loose embeddability into a
finite-dimensional Hilbert space, making (M,d) a good candidate for loose embeddability.
Key words: compact quantum group; Riemannian manifold; Gromov-Hausdorff distance; geodesic;
isometry; Baire theorem; Baire space; covering dimension
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Introduction
Let (X, d) be a compact metric space and
α : X ×G→ X (0-1)
an isometric action of a compact group G on X. Every metric space admits a universal α, in the
sense that every compact-group isometric action X × H → X arises via a unique compact-group
morphism H → G. Indeed, one simply takes G = Iso(X, d) (the group of all self-isometries of X),
equipped with the uniform topology.
The present note is partly motivated by the question of whether such universal isometric actions
on compact metric spaces X exist in the context of compact quantum groups. To make sense of
this one dualizes (0-1) to a unital C∗-algebra morphism
ρ : C(X)→ C(X)⊗Q
where Q is a compact quantum group (see §1.2 below for detailed definitions). We then have a
concept of ρ being isometric ([10, Definition 3.1] and Definition 1.10 below), and can similarly pose
in fairly guessable manner the question of whether there is a “largest” isometric quantum action
(Definition 1.11). If there is, we refer to the quantum group in question as the quantum isometry
group of (X, d).
One of the main results of [10] (Theorem 4.8 therein) is that quantum isometry groups always
exist for compact metric spaces isometrically embeddable in some finite-dimensional Hilbert space.
More is true however: according to (a slightly paraphrased version of) [10, Corollary 4.9], we have
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Theorem 0.1 A compact metric space (X, d) has a quantum isometry group provided it embeds
into some finite-dimensional Hilbert space by a continuous one-to-one map that preserves equalities
and differences of distances. 
The phrasing above is a bit awkward; what is meant is that we have a map f : X → Rn (for
some n) such that for any four points x, z, x′, z′ in X the distances d(x, y) and d(x′, y′) are equal if
and only if their Euclidean counterparts
|fx− fy| and |fx′ − fy′|
are equal. This motivates the natural question (now entirely separate of the issue of quantum
actions) of which compact metric spaces admit such loose embeddings (a term we introduce in
Definition 2.2) into Euclidean spaces. The term is meant to convey the fact that such an em-
bedding demands much less that distance preservation; the defining condition (2-1) is essentially
combinatorial in nature, concerned, as it is, only with the pattern of equalities between pairwise
distances in (X, d).
In Section 1 we gather some of the necessary background on compact quantum groups and
metric geometry.
The main result of the short Section 2 is Theorem 2.1, stating that all countable compact metric
spaces have quantum isometry groups. We then transition to the material occupying the bulk of the
paper, on loose embeddability (Definition 2.2). Note however that by Example 2.3 that condition
is not necessary for the existence of quantum isometry groups (i.e. the converse to Theorem 0.1 is
not valid).
Section 3 focuses on loose metric embeddability, containing both positive and no-go results.
A first recurring theme throughout the discussion is that Riemannian compact metric spaces,
i.e. those arising by equipping a compact Riemannian manifold with its global geodesic distance
(Definition 3.1), make for poor counterexamples to loose metric embeddability:
• In Proposition 3.2 we observe that a (compact) Riemannian metric space cannot contain n-
tuples of equidistant points for arbitrarily large n, ruling out the type of pathology provided
by Example 2.3.
• Generalizing this, Theorem 3.5 shows that compact Riemannian metric spaces do not contain
arbitrarily large sets of pairs {xi, yi} of points with xi and yj both equidistant from xi and
yi for all j > i. This rules out (in the Riemannian case) a subtler class of counterexamples
to loose metric embeddability given by Lemma 3.4.
On the other hand, although Example 2.3 shows that loose embeddability is not automatic
even for countable metric spaces, Theorem 3.13 proves that “most” 0-dimensional (i.e. totally
disconnected) compact metric spaces are loosely embeddable. Formally, Theorem 3.13 (with a
fragment of Proposition 1.5 thrown in for clarity) reads:
Theorem 0.2 The setM≤0 of isometry classes of 0-dimensional compact metric spaces is a dense
Gδ in the complete Gromov-Hausdorff metric space M of isometry classes of all compact metric
spaces, and hence M≤0 is a Baire space.
Furthermore, the complement in M≤0 of the set of isometry classes of loosely embeddable 0-
dimensional compact metric spaces is of first Baire category. 
Finally, in §3.2 we pose a number of questions related to loose embeddability, and answer
a weakened form of Question 3.16 affirmatively in the Riemannian setting: Theorem 3.19 says,
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roughly speaking, that if the finite subspaces of a compact Riemannian metric space (M,d) are
uniformly loosely embeddable (i.e. loosely embeddable into Hilbert spaces of uniformly bounded
dimension) then (M,d) itself is loosely embeddable in a weak sense.
Acknowledgements
This work was partially supported by NSF grant DMS-1801011.
I am grateful for insightful comments by Hanfeng Li and Vern Paulsen on some of the material
in the paper.
1 Preliminaries
Unless specified otherwise, all algebras and morphisms between them are assumed unital. We will
frequently have to take tensor products of C∗-algebras, in which case the tensor symbol always
denotes the minimal (or spatial) tensor product [3, Definition 3.3.4]. On the other hand, between
plain, non-topological algebras ‘⊗’ denotes the usual, algebraic tensor product.
1.1 Metric geometry
We gather some background material on metric geometry and point-set topology with [4, 15, 9]
serving as references. Recall (e.g. [4, Definitions 7.3.1 and 7.3.10])
Definition 1.1 Let (Z, d) be a metric space and X,Y ⊆ Z two subsets. The Hausdorff distance
dH,Z(X,Y ) is the infimum over all ε > 0 such that X and Y are each contained in the other’s
ε-neighborhood.
For two metric spaces (X, dX ) and (Y, dY ) the Gromov-Hausdorff distance is defined as
dGH(X,Y ) = inf dH,Z(X,Y )
where the infimum is taken over all metric spaces Z housing X and Y as isometrically embedded
subspaces. 
Gromov-Hausdorff distance is an actual metric on the set of isometry classes of compact metric
spaces [4, Theorem 7.3.30], and we write (M, dGH) for the resulting metric space. By abuse of
notation, we often identify a compact metric space with its corresponding point of M (i.e. its
isometry class).
We will also need the notion of dimension for a topological space. As explained throughout
[9, Chapter 1], the various competing definitions do not, in general agree. They do, however, for
compact metric spaces (or more generally, separable ones) [9, Theorem 1.7,7]. For that reason, we
provide one of the definitions (of what is usually called the covering dimension; see [9, Definition
1.6.7] or [15, §50]) and omit all qualifiers preceding the term ‘dimension’.
Definition 1.2 Let X be a compact metrizable topological space.
A finite open cover U = {Ui} of X has order n ≥ 0 if there are n+1 mutually intersecting sets
Ui but no n+ 2 sets Ui intersect. The order is infinite if no such n exists.
X is said to have dimension dimX = n if every finite open cover has a finite refinement of order
≤ n, and n is the smallest integer with this property (dimX = ∞ if no such integers exist). By
convention, dim ∅ = −1. 
A few remarks worth keeping in mind:
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• for manifolds dimX coincides with the standard concept.
• for compact metric spaces 0-dimensionality means total disconnectedness, i.e. the existence
of a basis consisting of clopen sets [9, Theorem 1.4.5].
• for separable metric spaces dimension is (as expected) monotonic with respect to inclusions
[9, Theorem 3.1.19].
We indicate dimension constraints for elements of M by a subscript: M0 ⊂ M for instance
denotes the set (of isometry classes) of 0-dimensional compact metric spaces, M≤n that of metric
spaces of dimension ≤ n, etc.
(M, dGH ) is known to be a complete (separable) metric space and hence, by the Baire category
theorem ([15, Theorem 48.2]), a Baire space in the sense of [15, §48]: countable intersections of
dense open subsets are again dense.
Baire’s theorem suggests that sets containing countable intersections of dense open sets should
be regarded as “large”. We recall the relevant language:
Definition 1.3 Let X be a topological space. A subset Y ⊆ X is meager or of first category if it
is contained in a countable union of nowhere dense closed subsets of X.
A subset that is not meager is of second category, and the complement of a meager set is
residual. 
Remark 1.4 In Baire spaces being residual is equivalent to containing a dense Gδ set, i.e. count-
able intersection of open subsets. 
The Baire theorem applies not only to complete metric spaces but to Gδ subsets of the latter
([15, §48, Exercise 5]). This makes the following result relevant.
Proposition 1.5 For every non-negative integer n, the subspace M≤n ⊂ M consisting of (isom-
etry classes of) compact metric spaces of dimension ≤ n is dense Gδ, and hence a Baire space.
Proof The density claim follows from the fact that the set of finite metric spaces (and hence also
M≤0) is dense in M.
Fix positive integers M , N and letMNM ⊂M be the set of metric spaces (X, d) admitting some
finite open cover U = {Ui} such that
• U has mesh < 1
N
, i.e. the supremum of the diameters diam Ui is <
1
N
;
• for each n+ 2-element subset V ⊂ U and each U ∈ V we have
inf
x∈U,y∈V
d(x, y) >
1
M
where
V =
⋂
U ′∈V , U ′ 6=U
U ′.
By the characterization of dimension for compact metric spaces given in [9, Theorem 1.6.12] we
have
M≤n =
⋂
N→∞
⋃
M→∞
MNM .
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Since the intersection can be indexed by reciprocals ε = 1
N
of positive integers as N → ∞, the
conclusion will follow once we prove
Claim: MNM is open in M. To verify this, let (X, dX ) ∈ M
N
M and consider a cover U = {Ui}
as in the definition of the latter. Let δ > 0 (more on its size later) and suppose the elements
(X, dX), (Y, dY ) ∈ M
are isometrically embedded in a compact metric space (Z, dZ ) and δ-Hausdorff close therein. The
open subsets
U δi := {z ∈ Z | dZ(z, Ui) < δ} ⊆ Z
will then cover Y ⊆ Z.
If δ = δ(X, dX ) is sufficiently small then we can ensure that every intersection
U δi0 ∩ · · · ∩ U
δ
it
⊂ Z, 1 ≤ t ≤ n
of at most n+ 1 open sets is contained in the δ′-neighborhood of the corresponding intersection
Ui0 ∩ · · · ∩ Uit ⊂ X
for arbitrarily small δ′ > 0 (that would have to be fixed before δ, Y , Z, etc.).
In turn, requiring δ′ > 0 sufficiently small would ensure that the open cover of Y by Vi := U
δ
i ∩Y
satisfies the two requirements in the definition ofMNM and hence witnesses Y ’s membership in that
subset of M. 
In particular:
Corollary 1.6 The subspace M0 ⊂M is Gδ and hence Baire. 
1.2 Compact quantum groups and actions
For the material in this subsection we refer for instance to [13, 19, 20, 12], recalling only skeletal
background here. We will also need the very basics of Hopf algebra theory, for which [18, 14, 1, 17]
constitute good references.
Definition 1.7 A compact quantum group is a unital C∗-algebra Q equipped with a C∗ morphism
∆ : Q→ Q⊗Q which
• is coassociative in the sense that
Q Q⊗Q⊗Q
Q⊗Q
Q⊗Q
∆
∆
∆⊗id
id⊗∆
commutes;
• the spans
∆(Q)(C⊗Q) and ∆(Q)(Q⊗C)
of the respective products are dense in Q⊗Q. 
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In general, we regard unital C∗-algebras as objects dual to compact quantum spaces; this ter-
minology will be in use throughout. For that reason, we will write Q = C(G) (and refer to G as
the compact quantum group) to emphasize that the compact quantum group G is to be regarded
as dual to its algebra Q of continuous functions.
A compact quantum group C(G) has a unique dense ∗-subalgebra
O(G) ⊆ C(G)
that becomes a Hopf ∗-algebra when equipped with the comultiplication ∆ inherited from C(G);
in particular, this means that
∆(O(G)) ⊂ O(G) ⊗O(G) ⊂ C(G)⊗ C(G);
see for instance [12, Theorem 3.1.7]. The antipode κ of O(G) need not extend continuously to
C(G).
C(G) has a Haar state h : C(G) → C, left and right G-invariant (as the Haar measure is on
classical compact groups) in the sense that
h ∗ ϕ = h = ϕ ∗ h, ∀ states ϕ on C(G)
where
C(G) C
C(G)⊗ C(G)
ϕ∗ψ
∆ ϕ⊗ψ
defines the convolution product on functionals on C(G).
Definition 1.8 Let G be a compact quantum group.
C(G) is reduced if the Haar state h : C(G)→ C is faithful.
C(G) is full if the map O(G)→ C(G) is the C∗ envelope of the complex ∗-algebra O(G).
For arbitrary G we write C(G)r for the reduced version of G, i.e. the image of the GNS
representation of the Haar state h : C(G)→ C, and C(G)u for the full (or universal) version of G,
i.e. the C∗ envelope of O(G) (such an envelope exists for every G). 
Note that we have quantum group morphisms
C(G)u → C(G)→ C(G)r. (1-1)
Definition 1.9 An action of a compact quantum group (Q,∆) on a compact quantum space A is
a C∗-morphism
ρ : A→ A⊗Q (1-2)
such that
•
A A⊗Q⊗Q
A⊗Q
A⊗Q
ρ
ρ
ρ⊗id
id⊗∆
commutes;
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• the span ρ(A)(C ⊗Q) is dense in A⊗Q.
If furthermore the span of
{(ϕ ⊗ id)ρ(a) | a ∈ A, ϕ a state on Q} ⊂ Q
is dense then the action is faithful. 
Composing
A A⊗ C(G) A⊗ C(G)r
ρ id⊗pi
with π : C(G) → C(G)r the canonical surjection from (1-1) produces an action of the reduced
version C(G)r, so if needed we can always assume that an acting quantum group is reduced.
Throughout the present paper we in fact only work with classical spaces A, i.e. A = C(X)
(continuous functions) for some compact Hausdorff X. It can be shown [11, Theorem 3.16] that
for G acting faithfully on X the antipode κ of the Hopf ∗-algebra O(G) extends continuously to
C(G)r (so G is of Kac type, in standard terminology). For that reason, we will henceforth assume
all of our compact quantum groups C(G) come equipped with antipodes κ.
We are interested primarily in compact metric spaces (X, d). In that context, the relevant
notion of structure-preserving quantum-group action was introduced in [10, Definition 3.1]:
Definition 1.10 Let (X, d) be a compact metric space, A = C(X) and ρ : A→ A⊗Q a compact-
quantum-group action on X. ρ is isometric if we have
ρ(dx)(y) = κ(ρ(dy)(x)) ∈ Q
for all pairs of points x, y ∈ X, where κ : Q→ Q is the antipode. 
Finally, we can give
Definition 1.11 Let (X, d) be a compact metric space and A = C(X). An isometric action (1-2)
is universal if every isometric action ρ′ : A→ A⊗H factors as
A A⊗Q
A⊗H
ϕ∗ψ
id⊗η ρ′
for a unique compact quantum group morphism η : Q→ H.
If such a universal action exists we say that (X, d) has a quantum isometry group. 
2 Countable metric spaces
Theorem 2.1 A countable compact metric space (X, d) has a compact quantum isometry group.
Proof Consider an isometric action of a CQG G on (X, d).
Being countable, X must contain isolated points. Each isolated point, in turn, is contained in
one of the finite sets
X≥r := {x ∈ X | d(x, y) ≥ r, ∀x 6= y ∈ X}
for some r > 0 (this is the set of points which admit no neighbors at a distance smaller than r). [5,
Theorem 3.1], for instance, makes it clear that each X≥r, r ≥ 0 is preserved by the action of G.
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Letting r→ 0, we see that the action of G leaves invariant the entire set
Xiso =
⋃
r→0
X≥r
of isolated points. That set is open because each X≥r is, so the compact countable metric space
X \Xiso is again preserved. Now repeat the procedure with the latter space eliminating its isolated
points, and so on. This transfinite recursive procedure, which must terminate after countably many
steps, will partition the original metric space X into countably many finite subspaces preserved
by G. Since these spaces do not depend on G or the action but are rather intrinsic to X, every
isometric action will preserve them. The conclusion follows from the fact that finite metric spaces
have quantum isometry groups. 
We will need the following notion.
Definition 2.2 Let (X, dX) and (Y, dY ) be two metric spaces. A loose (or loosely isometric)
embedding X → Y is a one-to-one continuous map f : X → Y with the property that for every
x, x′, z and z′ in X we have
dY (fx, fx
′) = dY (fz, fz
′)⇔ dX(x, x
′) = dX(z, z
′). (2-1)
We say that (X, d) is loosely embeddable (or LE for short) if there is a loose embedding into
some Euclidean space Rn with its usual distance function, typically denoted by
|x− y| := dRn(x, y) =
n∑
i=1
(xi − yi)
2. 
A slight generalization of [10, Corollary 4.9] says that loosely embeddable compact metric
spaces have compact quantum automorphism groups. Example 2.3 shows that not every countable
compact metric space is loosely embeddable, and hence not all spaces covered by Theorem 2.1 fall
within the scope of that result.
Example 2.3 One can easily construct countable compact metric spaces (X, d) such that for every
n, X contains regular n-simplices, i.e. (n+ 1)-tuples of equidistant points x0, x1 up to xn. Such a
space cannot admit a loose embedding into any Euclidean space Rd, since the latter cannot house
a regular simplex with more than d+ 1 vertices. 
Remark 2.4 Contrast Example 2.3 to the fact that by [6, Corollary 3] finite metric spaces are
always loosely embeddable. 
3 Loose metric embeddability
It is a natural problem, in view of Example 2.3 and the discussion preceding it, to determine
to what extent various classes of metric spaces are loosely embeddable. Of special interest, for
instance, are Riemannian manifolds equipped with the geodesic metric. [7, 2] are good sources for
the Riemannian geometry we will peruse.
Definition 3.1 A Riemannian metric space is a Riemannian manifold equipped with the global
geodesic metric. 
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Unless specified otherwise, all of our metric spaces are assumed compact; we thus often drop
that adjective for brevity.
The first remark is that the technique used in Example 2.3 for producing non-loosely-embeddable
metric spaces will not function in this Riemannian setting.
Proposition 3.2 Let (M,d) be a compact Riemannian manifold with its geodesic metric. There
is an upper bound on the number of vertices of a regular simplex in M .
Proof Now let v1 and v2 be two other vertices of ∆, chosen so that the angle ε = ∡v1v0v2 is
sufficiently small (possible for large n). Since M is compact there is a global lower bound K for its
sectional curvature. By the Toponogov comparison theorem ([2, §6.4.1, Theorem 73]) the length
of v1v2 is bounded above by the length of the third edge in an isosceles triangle with angle ε
subtending the two edges of equal length ℓ = v0v1 = v0v2 in the space form [2, §6.3.2] of constant
curvature K. This length goes to 0 as ε does, contradicting v1v2 = ℓ. 
Large regular simplices are not the only obstruction to loose embeddability. The somewhat more
sophisticated configurations that pose problems involve, roughly speaking, large sets of points each
equidistant to large sets of pairs of points. To make sense of this we need some terminology.
Definition 3.3 Let n be a positive integer. An n-flag of median hyperplanes is a collection of
points
{pi, qi, 0 ≤ i ≤ n− 1} (3-1)
such that
d(z, ps) = d(z, qs)
for all z = pi or qi with i > s. 
The term ‘median hyperplane’ is meant to invoke the locus of points in a Euclidean space that
are equidistant from two given points, while ‘flag’ means chain ordered by inclusion, as in
{pi, qi}i≥0 ⊃ {pi, qi}i≥1 ⊃ · · · . (3-2)
The relevance of the concept stems from the following simple remark.
Lemma 3.4 A compact metric space containing n-flags of median hyperplanes is not LE.
Proof If such a space (X, d) were loosely embeddable in Rd say, then each of the sets (3-2) would
be contained in a hyperplane of Rd, namely the median hyperplane of (the images in Rd of) pi and
qi. These hyperplanes would be orthogonal in the sense that their range projections commute, so
any > d of them would intersect trivially. 
On the other hand, Riemannian manifolds can still not be discounted as LE on the basis of
Lemma 3.4.
Theorem 3.5 A compact Riemannian manifold (X, d) equipped with the geodesic metric cannot
contain n-flags of median hyperplanes for arbitrarily large n.
This will require some amount of preparation.
First, we will have some make some size estimates (for angles, distances, etc.). This raises the
usual issue of starting with quantities that are within ε > 0 of each other and then obtaining new
estimates in terms of ε such as, say Cε for some constant C. In order to avoid such irrelevancies
we make the following
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Convention 3.6 ε will typically denote a small positive real, and whenever a new small quantity
depending on ε is introduced, we denote it by decorating ε with the usual symbols used to indicate
differentiation. So for instance ε′, ε′′, ε(5), etc. all denote small positive reals depending on ε in
some unspecified fashion.
The same notational convention applies to other symbols meant to denote small positive reals.
In the discussion below we will modify the Riemannian tensor g on a geodesic ball of a Rieman-
nian manifold (M,g) so as to “flatten” said ball. The relevant concept is
Definition 3.7 Let B ⊂ M be a geodesic ball in a Riemannian manifold M with tensor g, and
suppose we have fixed a coordinate system for B. We say that g is ε-Euclidean to order k along B
if the derivatives of orders ≤ k of g within ε of their usual Euclidean counterparts, uniformly on
B, in the respective coordinate system.
We typically omit k from the discussion, simply assuming it is large enough (k ≥ 2 will do for
most of our purposes); for that reason, we abbreviate the phrase as ε-Euclidean.
The specific ε > 0 will also depend on the chosen coordinates, but we ignore this issue too, as
the discussion below will only require ε sufficiently small, and the various coordinate choices will
not affect this. 
As a consequence of the smooth dependence of ODE solutions on the initial data (e.g. [8,
Theorem B.3]), “sufficiently Euclidean” Riemannian metrics in the sense of Definition 3.7 have
“sufficiently straight” geodesics. More formally (keeping in mind Convention 3.6):
Proposition 3.8 Let (M,g) be a Riemannian manifold, ε-Euclidean with respect to some coordi-
nate system. Then, for every geodesic γ in M , parallel transport of vectors along γ does not alter
angles by more than ε′ 
Notation 3.9 LetM be a Riemannian manifold with metric tensor g and geodesic distance d. We
write
inj(M) := injectivity radius of M
([7, p.271] or [2, p.142, Definition 23]): the largest number such that all pairs of points less than
inj(M) apart are joined by a unique geodesic segment.
For points p, q in a Riemannian manifold M with
ℓ := d(p, q) < inj(M)
we write
γqp : [0, ℓ]→M
for the geodesic arc from p to q, parametrized by arclength. We will also abuse notation and denote
the image of γqp by the same symbol. 
Definition 3.10 Let p, q be points in a Riemannian manifold M , less than inj(M) apart. The
angle
∠(vp, vq)
between two tangent vectors vp ∈ TpM and vq ∈ TqM is defined by
• parallel-transporting ([7, Chapter 2, Proposition 2.6 and Definition 2.5] or [2, p.264, Propo-
sition 61]) the unit velocity vector vq to a vector v ∈ TpM along γ
q
p;
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• set
∠(vp, vq) := angle between vp and v,
computed in Tp(M) as usual, via the Riemannian tensor.
For points p, q, p′, q′ in M , each two less than inj(M) apart, the angle ∠(γqp, γ
q′
p′ ) is the angle
(defined as above) between the unit velocity vectors (γqp)′(0) and (γ
q′
p′ )
′(0). 
Remark 3.11 Although Definition 3.10 appears to bias one of the pairs p, q and p′, q′ over the
other, the notion is in fact symmetric: because parallel transport is an isometry between tangent
spaces, whether we parallel-transport
(γq
′
p′ )
′(0) to TpM
or
(γqp)
′(0) to Tp′M
does not affect the value of the angle. 
For an n-dimensional Riemannian metric space (M,d = dM ) with a basepoint z ∈ M we will
consider small geodesic balls
Br = Br(z) := {q ∈M | d(z, q) ≤ r}
centered at z, parametrized with normal coordinates [2, §4.4.1] xi, 1 ≤ i ≤ n (so z is identified with
the origin (0, · · · , 0)). Recall that this means the geodesics emanating from z are identified with
straight line segments.
Having fixed such a coordinate system, we can speak about segments in B, angles between
those segments, etc.; it will be clear from context when these are actual segments in the ambient
R
n housing B rather than, say, geodesic segments in M .
Typically, the radius r decorating Br will be small. We will occasionally have to normalize the
Riemannian metric in Br, scaling distances from the origin z = 0 ∈ B by
1
r
so that the new ball
nBr (‘n’ for ‘normalized’) has radius 1.
This normalization procedure has the effect of “flattening” the Riemannian metric, in the sense
that the Riemannian structure can be made arbitrarily ε-Euclidean (Definition 3.7) as r → 0.
In the discussion below, for a Riemannian manifold M with geodesic metric d = dM , we write
η(p, q) = ηM (p, q) := d(x, y)
2 (3-3)
for the squared-distance function (the notation matches that in [16] for instance, where this function
features prominently).
Lemma 3.12 Let M be a Riemannian manifold and B = Br(z) a sufficiently small geodesic ball
equipped with normal coordinates around z ∈ M . Let also p ∈ B be a point and consider the
function
ψ : x 7→ η(x, p).
with η as in (3-3). Denoting by v ∈ TzM the unit vector tangent to the geodesic z → p, the gradient
∇ψ at z equals −2d(z, p)v.
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Proof This is immediate after choosing a normal coordinate system around p, whereupon ψ be-
comes
ψ : (x1, · · · , xn)→
n∑
i=1
(xi)2. 
Proof of Theorem 3.5 Suppose we do have arbitrarily large flags of median hyperplanes in our
compact Riemannian space (M,d). Since M is compact, we can assume that some large flag (3-1)
is contained entirely within some small geodesic ball Br centered at a point z := pn constituting
the flag.
We can assume r is small enough that the normalized ball nBr is ε-Euclidean in the sense of
Definition 3.7. Furthermore, because the size of the flag can also be chosen arbitrarily large, we
can also assume that
∠
(
γqipi , γ
qj
pj
)
< ε′, ∀0 ≤ i 6= j < n
Henceforth, it will be enough to work with pi and qi for i = 0, 1. By the flag condition, both p1
and q1 are equidistant from p0 and q0. Additionally, we have
∠
(
γq1p1 , γ
q0
p0
)
< ε′ (3-4)
Furthermore, because the metric is ε-Euclidean, the unit-length velocity vectors vx along
γ := γq1p1
stay within an angle of ε′′ of the initial velocity vector (γq1p1)
′(0) (by Proposition 3.8), so (3-4) implies
that
∠
(
vx, (γ
q0
p0
)′(0)
)
< ε(3), ∀x ∈ γq1p1 . (3-5)
For each x ∈ γ, we saw in Lemma 3.12 that the gradient of the function
ψ : x 7→ d(x, p0)
2 − d(x, q0)
2 (3-6)
is
2d(x, q0)(γ
q
x)
′(0)− 2d(x, p0)(γ
p
x)
′(0). (3-7)
This is the parallel transport of 2−−→p0q0 to x in the usual, Euclidean metric, so by our assumption
that the original metric is ε-Euclidean the angle between (3-7) and (γq0p0)
′(0) is < ε(4). To summarize,
we have
• a small angle between each gradient ∇xψ of ψ along γ, given by (3-7), and (γ
q0
p0)
′(0);
• a small angle between the latter and the unit tangent vectors vx at x ∈ γ, by (3-5).
In particular, at each x along γ the gradient ∇xψ and the velocity along γ have positive inner prod-
uct. This means that the function ψ in (3-6) increases strictly along the geodesic γ, contradicting
the fact that it must take the value 0 at both endpoints p1 and q1. 
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3.1 Positive results
Clearly, loose embeddability of a compact metric space in Rn entails covering dimension ≤ n (e.g.
[9, §1.6] and [9, Theorem 3.1.19], which applies to compact metric spaces). On the other hand, we
will prove that if the dimension is zero then loose embeddability holds “generically” with respect
to the Gromov-Hausdorff distance.
Theorem 3.13 The isometry classes of 0-dimensional compact metric spaces loosely embeddable
in R is a residual set in (M0, dGH).
We need some preparation.
Definition 3.14 A distance function d on a metric space X is injective if its restriction to the
off-diagonal set
X ×X \∆ = {(x, y) ∈ X ×X | x 6= y}
is one-to-one. 
First, note the following sufficient criterion for loose embeddability in R.
Proposition 3.15 A 0-dimensional compact metric space (X, d) ∈ M0 with injective d is loosely
embeddable in R.
Proof The definition of loose embeddability simply requires a homeomorphism of X onto a subset
Y ⊂ R so that the usual real line distance dR on Y is injective. This will be a familiar clopen cover
recursive “branching” procedure familiar in working with 0-dimensional compact spaces:
In first instance, cover X with disjoint clopen sets Ui of diameter ≤ 1 and match them to
mutually disjoint compact intervals Ii ⊂ R of length ≤ 1. We arrange furthermore that the
intervals Ii are chosen generically, in the sense that if
x ∈ Ii, y ∈ Ij , i 6= j
x′ ∈ Ii′ , y
′ ∈ Ij′ , i
′ 6= j′
then
dR(x, y) = dR(x
′, y′)⇒ i = i′ and j = j′.
Next, cover each Ui with finitely many disjoint clopen subsets Uij of diameter
1
2 and choose corre-
sponding disjoint compact sub-intervals Iij ⊂ Ii of length ≤
1
2 , again ensuring that for each i the
family consisting of all Iij is generic in the above sense. Now continue the procedure, partitioning
each Uij into clopen subsets Uijk, etc.
For each infinite word ijk · · · we obtain a point
{p} = Ui ∩ Uij ∩ Uijk ∩ · · · ⊂ X
mapped by our embedding to the corresponding unique point
Ii ∩ Iij ∩ Iijk ∩ · · · .
The generic condition imposed on our intervals at each step then ensures that indeed the restriction
of dR to the image of X is injective in the sense of Definition 3.14. 
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Proof of Theorem 3.13 In view of Proposition 3.15, it will suffice to prove the stronger claim
that the collection of (X, d) ∈ M0 with injective d is residual.
LetM andN be two positive integers and defineMN,M ⊂M0 be the collection of 0-dimensional
metric spaces (X, d) admitting a partition into clopen subsets Ui such that
• each Ui has diameter <
1
N
;
• whenever the two-element sets {i, j} and {i′, j′} are distinct we have
|d(x, y)− d(x′, y′)| >
1
M
for all x ∈ Ui, y ∈ Uj and similarly for primed symbols.
MN,M is easily seen to be open in the Gromov-Hausdorff distance and the subset of M0
consisting of injective-distance metric spaces is
⋂
N
⋃
MMN,M . To conclude, we have to prove
Claim:
⋃
MMN,M is dense in M0. This, however, is immediate: simply approximate an
arbitrary compact metric space in the Gromov-Hausdorff topology by finite metric spaces, which
can be chosen to have injective distance functions by effecting small perturbations on said distance
functions if needed. 
3.2 Questions
Proposition 3.2 and theorem 3.5 seem to suggest that compact Riemannian metric spaces are par-
ticularly amenable to loose metric embeddability. I do not know whether they are always LE, but
that problem decomposes naturally: first,
Question 3.16 Let (X, d) be a compact metric space and N ∈ Z>0 a positive integer such that
every finite subspace of (X, d) is loosely embeddable into RN . Does it follow that (X, d) itself is LE?
In other words, does uniform loose embeddability for the finite subspaces of (X, d) entail the
LE property for X as a whole?
Secondly, to circle back to the Riemannian context:
Question 3.17 Do compact Riemannian metric spaces satisfy the hypothesis of Question 3.16?
We conclude with a partial answer to Question 3.16. First, we need
Definition 3.18 A metric space (X, dX) is weakly loosely embeddable (or weakly LE) in the metric
space (Y, dY ) if there is an injective map f : X → Y satisfying only the backwards implication of
the LE condition (2-1):
dY (fx, fx
′) = dY (fz, fz
′)⇐ dX(x, x
′) = dX(z, z
′). (3-8)

Theorem 3.19 Under the hypotheses of Question 3.16, a compact Riemannian metric space is
weakly LE in RN .
Proof Let (M,d) be a compact Riemannian manifold with its geodesic metric and denote by (F ,⊆)
the poset of finite subsets F ⊂M (ordered by inclusion). For each F ∈ F we fix a map
ψF : F → B := origin-centered unit ball in R
N
such that
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• ψF is a loose embedding of (F, d), rescaled if needed so as to ensure it lands in the ball B;
• the diameter of ψF (F ) is precisely 1, with ψFp = 0 and ψF q on the unit sphere ∂B for some
p, q ∈ F .
This gives us an F-indexed net [15, Chapter 3, p.187] ψF of maps F → B, and since
• B is compact;
• every element p ∈M belongs to sufficiently large F ∈ F , i.e. to the upward-directed set
{F ∈ F | p ∈ F},
we can take the pointwise limit
ψ(p) := lim
F
ψF (p) ∈ B
to obtain a map ψ :M → B. it remains to prove that ψ
(a) satisfies the weak LE condition (3-8);
(b) is continuous;
(c) is one-to-one.
(a): condition (3-8). We want to prove that
|ψx− ψx′| = |ψz − ψz′| ⇐ dM (x, x
′) = dM (z, z
′) (3-9)
holds; this follows by passing to the limit over F ∈ F in the analogous implication for the partially-
defined maps ψF : F → B.
We can now define a map
ϕ : (set of distances dM (p, q))→ R≥0 (3-10)
by
ϕ(dM (p, q)) = |ψp − ψq|. (3-11)
We define the maps ϕF , F ∈ F similarly, substituting ψF for ψ in (3-11).
(b): ψ is continuous. We have to argue that
lim
d→0
ϕ(d) = 0.
If not, we can find a subnet (Fα)α of F and points pα, qα ∈ Fα such that
dM (pα, qα)→ 0
but
ε := inf
α
|ψFαpα − ψFαqα| > 0; (3-12)
we abbreviate
ψα := ψFα ,
and similarly for ϕ.
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If ℓ > 0 is sufficiently small (smaller than the injectivity radius of M , for instance [, ]), then
(M,dM ) contains geodesic triangles with edges
ℓ, ℓ, t
for every 2ℓ > t > 0. This can easily be seen, for instance, by continuously decreasing the angle
between two length-ℓ geodesic rays based at a point from π to 0; the distance between the extremities
of those geodesic rays will then decrease continuously from 2ℓ to 0.
Now fix some ℓ > 0, sufficiently small. We will have dM (pα, qα) < 2ℓ for sufficiently large α, and
hence, by the preceding remark, we can find geodesic triangles in M with edges ℓ, ℓ and dM (pα, qα)
(assuming also that α is large enough to ensure that Fα contains the tip of that isosceles geodesic
triangle).
Applying ψα, we have a triangle in B with edges
ϕα(ℓ), ϕα(ℓ), ϕα(dM (pα, qα)).
In particular, we have
ϕα(ℓ) ≥
ϕα(dM (pα, qα))
2
≥
ε
2
> 0 (3-13)
by (3-12). Since ℓ > 0 was arbitrary (so long as it was small enough), this means that by passing
to large enough α we can find arbitrarily large finite subsets F of M , of girth ≥ ℓ (i.e. so that all
pairs of points are at least ℓ apart), and hence so that (by (3-13))
|ψp − ψq| ≥
ε
2
, ∀p, q ∈ F.
Since the cardinality of F (and hence that of ψ(F )) can be made arbitrarily large, we are contra-
dicting the compactness of B. This completes the proof of (b) above.
(c): ψ is injective. Suppose not. In a sense, this means we are in precisely the opposite
situation to that encountered in the proof of part (b): there is a subnet (Fα)α of F with points
pα, qα ∈ Fα such that
ℓ := inf
α
dM (pα, qα) > 0
inf
α
|ψαpα − ψαqα| = 0. (3-14)
By compactness, we can also assume pα and qα are convergent and hence in particular that the
distances
ℓα := dM (pα, qα)
are as well. For sufficiently small t > 0 there are triangles in M with edges
ℓα, ℓα, t
for all α (consider two geodesic rays of length ℓα with common origin, subtending small angles at
said origin). But then an application of one of the ψα will yield a triangle with edges
ϕα(ℓα), ϕα(ℓα), ϕα(t)
with ϕ and ϕα := ϕFα as in (3-11) and subsequent discussion, meaning that
ϕα(t) ≤
ϕα(ℓα)
2
.
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Since the right hand side converges to zero by (3-14), we conclude that ϕ(t) = 0 for all sufficiently
small t > 0. In other words,
ψ identifies any two points that are sufficiently close. (3-15)
Now, for each α we also have, by assumption, points xα, yα in Fα that achieve distance 1 upon
applying ψα:
|ψαxα − ψαyα| = 1
By compactness, passage to a subnet if necessary allows us to assume that xα and yα converge to
x and y in M respectively, and limiting over α produces |ψx− ψy| = 1.
For some distance t > 0 small enough to qualify for (3-15) we can find a broken geodesic
consisting of some finite number N of length-t segments
x =: p0 → p1, p1 → p2, · · · , pN−1 → pN := y
connecting x and y. Applying ψ we similarly obtain a broken geodesic consisting of N length-ϕ(t)
segments connecting x and y, but the latter are distance 1 apart while ϕ(t) = 0 by (3-15). This
gives the contradiction we seek and finishes the proof. 
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